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To the memory of Fuensanta Andreu Vaillo, a gifted mathematician and
wonderful person

ABSTRACT. In this work the differentiability of the principal eigen-
value A = A1 (T") to the localized Steklov problem —Awu+qu = 0 in
Q, g_z: = Axr(z)u on 9, where I' C 99 is a smooth subdomain of
02 and xr is its characteristic function relative to 952, is shown.
As a key point, the flux subdomain I' is regarded here as the vari-
able with respect to which such differentiation is performed. An
explicit formula for the derivative of A\;(T") with respect to T is
obtained. The lack of regularity up to the boundary of the first
derivative of the principal eigenfunctions is a further intrinsic fea-
ture of the problem. Therefore, the whole analysis must be done in
the weak sense of H!(Q). The study is of interest in mathematical
models in morphogenesis.

1. INTRODUCTION

In this work we are analyzing the flux-type linear eigenvalue problem,

—Au+g(z)u=0 x €
(1.1) o
Y Axr(z)u x € 09,

where 2 € R¥ is a class C® bounded domain with boundary 92 and
outer unit normal field v = v(z). As an important feature to be pointed
out, the weight function xr(x) in front of A is the characteristic function
ofaregion'in 00 (xpr = lifx € T', xpr = 0 for z € IQ\T"). Throughout
this work, it will be always assumed that I' is a subdomain (an open
connected set) so that I' = TUAI defines a class C* closed submanifold
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of 02 with boundary dI'. We will refer to this requirement of the flux
region I" in the sequel by saying that I" is a smooth subdomain of 0€). In
addition, the potential term ¢ will be supposed C! up to the boundary,
i. e. g€ CYQ).

The main objective of this paper is to show that the principal eigen-
value to problem (1) varies in a smooth way when the flow region I" is
“tangentially” deformed according to a broad class of regular perturba-
tions (see ([@I]) and Section Bl for precise definitions). Furthermore, an
explicit formula for the variation of such eigenvalue with respect to I'
is obtained (Section 4, Theorem and Section 5, Theorem B.T). Ac-
cordingly, the perturbation problem addressed here falls in the realm
of “variation of domains”, a field with long tradition in the theory of
linear and nonlinear eigenvalue problems (see the specific monography
[13] on the subject, [19] and [16] together with its references).

Problem (1)) can be observed as a Steklov problem where the flux
through the boundary is restricted, by means of the weight function
xr, to a specific zone I' of 9 (see [] and [II] for related Steklov
problems). Our main interest will be focused on principal eigenvalues.
By a principal eigenvalue to ([ILT)) it is understood an eigenvalue A with
a positive associated eigenfunction ® (see Section[2]). Indeed, it can be
shown that (II]) admits an eigenvalue exhibiting that property if and
only if the first eigenvalue of —A + ¢(x) under Dirichlet conditions on
[' and Neumann conditions on 0\ I" is positive. Moreover, there only
exists a unique principal eigenvalue \; (Section [2).

The principal eigenvalue plays a crucial role when one deals with nat-
ural perturbations of (ILT]) and the interest is put in positive solutions.
Specifically, consider the problem,

—Au+q(x)u = f(z,u) x €
(1.2) B
Y xr(z)(Au + g(z,u)) x € 05,

where f: QxR — R and g : 90 xR — R define certain volumetric and
surface reaction terms, respectively. Assume that f(x,u) = ufi(x,u),
g(x,u) = ugy(x,u) with both f; and g; continuously differentiable and
satisfying fi(z,0) = ¢1(z,0) = 0 in . Then problem ([L2)) can be
regarded as a model for a chemical reactor €2 where the species u is
consumed in a rate —q + f; meanwhile it is pumped into the reactor
with a flux-intensity A through the window I' in the boundary 052 (see
[12] for related ideas). In fact, a positive solution u to (L2) —if such a
solution exists— provides the equilibrium regime of production for such
a substance u. In other words, a positive stationary solution to the
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reaction-diffusion equation,

— = Au—q(x)u+ f(z,u) reQ, t>0
(1.3) %’f
a—z = xr(@)(Au + g(z, u)) z € 0.

Suppose now that both f; and g; are decreasing. A simple computation
reveals that a necessary condition for the existence of such a positive
solution is that the intensity A be greater than \;. Furthermore, A > \;
turns out to be also a sufficient condition for the existence of a unique
positive equilibrium provided f;(z,u) — —o0, g1(z,u) — —o0 as u —
oo (see [I] for precise details together with further configurations for
the reaction terms f and ¢). This means that the system requires a
large enough flux intensity A through the “localized zone” I', to sustain
a stable regime. The critical value of A is just provided by A;. On the
other hand, A = A\ constitutes a bifurcation value, either from zero or
infinity, for positive solutions of (LZ) if suitable structure conditions
are satisfied by the nonlinearities f and g (see [4, 5] and complementary
multiplicity results in [0]).

In [T0] authors presented a reaction-diffusion model for patterning of
limb cartilage development, a paramount problem in embryology ([17]).
They considered a growing domain modeling the limb bud (the reactor
), and developed a numerical scheme that incorporated the interac-
tions between two distinguished reactants wuy, us located in very specific
zones I'1, I's of the boundary 0€2. The relevance of such substances
u; (called morphogens) and the prominent role of the flux regions I';
has been largely supported by a strong experimental evidence ([I§],
[22]). Experiments also suggests that the pattern-formation seems to
be driven by the mutual regulation of the fluxes of u; through the zones
r;.
Inspired in [I0] the present work analyzes the phenomenology of the
flux zones from an alternative point of view. Since A\; measures the
threshold value of A in order that (L2]) exhibits a positive solution, a
special emphasis should be put on how does \; varies with I". Therefore,
the “size” of the region I' C 02 will be regarded here as a parameter in
the sense that the whole of I' will be subject to tangential deformations.
Our main purpose will be then to study the corresponding variations
of A1, as direct response to such perturbation.

As already mentioned, the existence of a principal eigenvalue to (L)
is characterized for the positivity of the first eigenvalue of an auxiliary
mixed problem for the operator —A + ¢ (see Theorem 2I). It should
be also stressed that in order that (LT generates a “genuine” pertur-
bation problem when the subdomain I' is varied, it is required that
MW(q) # 0, M(q) being the first Neumann eigenvalue of —A + ¢ in
Q). Otherwise, the principal eigenvalue \; to (L)) stays equal to zero
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for all subdomains I' C 02 and the perturbation problem becomes
degenerate (Section 2, Remarks 23 ¢) and 2.0 a)).

Another key feature of problem (LT) is the lack of regularity exhib-
ited by the eigenfunctions associated to the principal eigenvalue ;.
In fact, such eigenfunctions fails to be of class C'!' up to the bound-
ary (Section 2, Theorem [ZT]). This singular behavior is caused by
the discontinuity of the coefficient xr through the interphase OI' (the
boundary of JI" in 0€2). As a direct consequence of this fact, the full
analysis of existence of a principal eigenvalue to (L)), and its properties
of continuity and differentiability with respect I' must be necessarily
performed in the “weak” framework of H'().

The present work is organized as follows. Section 2 is devoted to
a complete study of the principal eigenvalue to (LI]) which covers
existence conditions, uniqueness, simplicity and regularity of eigen-
functions (Theorem [Z1]). Monotone and continuous dependence with
respect to weak perturbations of the subdomain I' are also studied
(Lemma 2.4 and Lemma [27)). In addition, a Fredholm alternative re-
sult for Ay, which is necessary for the analysis in Section 4, is directly
shown by following a variational approach (Theorem 29). Section 3
lays down the class of smooth perturbations of I' under which the
smoothness of \; is studied. It also contains the relevant calculus fea-
tures required for our purposes. Finally, the main results of the work
are contained in Sections 4 and Bl Namely, the differentiability of A;
with respect to I' (Theorem AT]) and an explicit integral formula for
its derivative (Theorems 2] and [5.T]).

2. THE LOCALIZED STEKLOV EIGENVALUE PROBLEM

We are beginning the section with a detailed analysis on the issues
of existence and uniqueness of a principal eigenvalue to (1) together
with the smoothness of the corresponding associated eigenfunctions.

For the sake of completeness we are first considering a slightly more
general problem than (LT]). Namely,

—Au+g(z)u=0 x €
(2.1) 5
Y Am(x)u x € 09,

where the coefficient m € L>(I'), m = 0 in 9Q \ I" and m > 0 almost
everywhere in I'. An eigenvalue A € R to (ZI) with an associated
(weak) eigenfunction ® € H'(Q2), ® # 0, is defined through the equality

(2.2) / VOV + qdp = /\/m(IMp,
Q r

which must be satisfied for every ¢ € H'().
A first result is the following.
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Theorem 2.1. Assume that m € L*(0)) is a nonnegative function
supported on I', supp m = T'. Then, a necessary and sufficient condi-
tion for the existence of a principal eigenvalue to (2.1)) is

(23) py >0,
where 1 = py is the principal eigenvalue of the mixed problem,
—Ad+qp = pg T €Q,
(2.4) p=0 zel,
0¢ _
- Q\T.
5 0 x € 02\

Moreover, if (2Z3) holds,

i) Problem (21I) possesses a minimum eigenvalue Ay which is sim-
ple and it is the only one with a positive eigenfunction ®; €
HY(Q), i. e., it is the unique principal eigenvalue to ([21]).

i) The sign of A1 coincides with the sign of the first Neumann
eigenvalue of —A + q in Q. In particular, \y = 0 if such eigen-
value is zero.

iii) If ®, € H'(Q) is any eigenfunction associated to Ay then ®; €
C2(Q)NL>®(2). Moreover, ®; € CP(Q) for certain 0 < 3 < 1.
In addition, if m € CY*(0Q) then ®; € C**(Q).

iv) For the special choice m = xr and ®; as in iii), ®; € C*>*(QU
K) for every compact K C 9Q, K N Ol = (). Furthermore, ®;
cannot be continuously differentiable up to the boundary OS2.

v) If &, € HY(Q) is a nonnegative principal eigenfunction to ([2.1))
then ®; > 0 in Q, in particular on the boundary O of T as a
manifold with boundary.

Definition 2.2. Assuming that condition (23] holds, the principal
eigenvalue to problem (LI) will be denoted either as Ay or (') if
it is necessary to emphasize the dependence of Ay on I'. Likewise,

¢, € HY(Q) will designates the positive corresponding eigenfunction
such that [, ®F = 1.

Remark 2.3.
a) Theorem 2] remains valid if I" is merely a relative open subdomain
of 99 rather than a smooth subdomain of 9 (i. e. T is a submanifold
of 0Q with boundary).

b) From the variational characterization of y; it follows that
(2.5) M () < m < WP (9),

for all ' C 99, T' # 09, where M (q) and AP(q) stand for the principal
eigenvalues of —A+¢ under Neumann or Dirichlet boundary conditions
in €2, respectively. It is a consequence of Theorem 2] and (2.0) that

A(g) >0
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becomes a necessary condition for the existence of a principal eigenvalue
A1 to (). Tt also provides the existence of A; at least for certain
subdomains I" (see also Remarks [2.7]).

¢) A crucial consequence of ii) in Theorem [2]is the fact that condition
)\/1\[ (q) # 0 is required in order that our problem of perturbing A; with
respect to I' be a nontrivial problem (otherwise A;(I") vanishes for all
subdomains I" of 092).

Proof of Theorem[21]. The fact that (2.4]) possesses a unique principal
eigenvalue 1 = pq is essentially well-known and can be proved by direct
methods in the calculus of variations. Moreover, p; is unique as a
principal eigenvalue and can be variationally expressed as

V 2+ 2
(2.6) fy := inf Jo [Vul” + qu :
HA(©) Jou?
where HL(Q) :={u € H(Q) : up = 0}.

Let us assume p; > 0. We are going to show the existence and
remaining properties of a principal eigenvalue to (2.1]) by proving that

inf Jo [Vul” + qu > —
uweH(Q) Jr mu?

Y

and that such infimum is achieved at some ®; € H'(Q). In fact, the
functional

J(u) ::/\Vu]2+qu2
0

is sequentially weakly lower semicontinuous in H'(€Q) and we claim
that J is also coercive on

(2.7) M = {u € H'(Q): /Fmﬂ = 1}

provided pq > 0. Therefore, a standard approach in the calculus of
variations ([20]) shows the existence of ®; € M such that

J(P) = JQL J(u) = A

It is clear that

(2.8) M= it dalVuE At
' weH Q) [pmu?

To prove the claim, let us consider a sequence u, € M such that
|tn || 1) — o00. Then J(u,) cannot be bounded. Assume on the
contrary that it is bounded, then by setting w, = t,v, with t, =
|| 1) We obtain

1
Q tn
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Since, modulus a subsequence, v, — v weakly in H'(Q) then v, — v

both in L*(Q2) and L*(09). However, [,muv. = %2 and so v € HHQ).
By taking ‘lim-inf’ in the previous expression for " (v,) it follows that
J(v) < 0. Condition gy > 0 implies that v = 0 and we deduce
Jo [Vun|? = o(1). Thus v,, — 0 in H'(Q) which contradicts [|v, || g1 () =
1 for all n. Hence, J is coercive.

On the other hand, it is clear that any ® € M such that J(®) = )\
defines a weak eigenfunction associated to A; in the sense of (2.2)), and
so A; is an eigenvalue. Additionally, from (Z2]), any other possible
eigenfunction ® associated to \; satisfies

/ VD[ 4 ¢d? = /\l/mcf)Z.
Q r

Since ; > 0 then ® # 0 on I. Otherwise, being ® € HL(Q), the
variational expression of y; yields

Al/méQE/Ll\/(:DQ
T Q

and ® would vanish in the whole of . Thus, we get
o |VO[? 4 P2
fpmd
To show that A; defines a principal eigenvalue notice that if ® is an
eigenfunction associated to A\; then ® = |®| also satisfies (2.10). Hence
|®] € H'Y(Q)" defines an eigenfunction. In addition, the regularity

theory for elliptic equations implies that |®| € C*() which, together
with the maximum principle yields |®(z)| > 0 in Q.

(2.10) A1

We next show the simplicity of A\;. It suffices with proving that any
eigenfunction ® associated to \; is one signed. Assume that, say, T #
0 on I' then, by inserting ¢ = ®* as a test function in the equation
(Z2) for ® we obtain that ®* also satisfies [ZI0) with & = ®*. This
means that ®* is an eigenfunction and, as already shown, ®*(z) > 0
in 2 what says that &~ = 0. Therefore, ® is one signed.

The uniqueness of \; as a principal eigenvalue is a consequence of the
fact that ® # 0 on I' for any other eigenfunction ® associated to any
eigenvalue A to (ZI)). If A # A\, and @, is an eigenfunction associated

to A one easily finds
r

This is impossible if ® # 0 is nonnegative. Observe in addition that
the own expression (2.8)) entails the minimality of A\; as an eigenvalue

of 7).
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Let us consider now the regularity issues. If ® € H'(Q) is any (not
necessarily principal) eigenfunction to (2I]) then Lemma 5 in [I1] (see
also [3]) allows us ensuring that ® € L>(2). Moreover, the existence
of B € (0,1) such that ® € C?(Q) follows from Lemma B.1 in [3]. That
® € C*(QUK) for any compact K C 92\ 9T for every m supported
in T provided m € CH(T") follows from classical regularity theory ([2]).
Of course, ® € C2*(Q) if m € CHP(99) for B > a.

However, when m(x) = xr(x) —which is just our main concern in
this work— a principal eigenfunction ®; cannot be continuously differ-
entiable up to the boundary. In fact, supposing ®; > 0 in €2 then &,

— P
must be positive on 9Q \ IT. If &; € C'(Q) then % should be zero

v
at JI" and the same should be true for ®;. But this contradicts Hopf’s
maximum principle and so the normal derivative cannot be continu-
ous through dI'. Moreover, we are showing below that ®; > 0 on 0T

Hence (9—1 undergoes a jump discontinuity across OI'.
v

In conclusion, we have completed the proofs of 1), iii) and iv).

To show the necessity of ([23]), let us introduce the auxiliary eigen-
value problem

—A¢ +qp = 0¢ z €
(2.11) 96
3 Am(z)o x € 09,

with m € L*(9Q)", supported on I'. In [II] it has been shown the
existence, for each A € R, of a unique principal eigenvalue 6§ = 6(\)
to (2II), with a nonnegative associated eigenfunction ¢ € H(Q).
Furthermore it was proved that function 6(\) is concave, decreasing
and that limy ., #(\) = —oo. In addition, we claim that

)\lim O(N) = .

Then, if A is a principal eigenvalue to ([2) this means that 0(\) is zero.
Therefore, 117 > 0 since otherwise () never vanishes. Let us prove now
the claim and choose ¢, € H'(Q2), [, > = 1 a positive eigenfunction
to (ZII) associated to 6, := 6(\,), with A, decreasing to —oo. By
using the variational characterization of 6 ([11]) we conclude that

/ ’V¢n‘2 + CI¢31 - )‘n/m¢i = 0p < 1,
Q I

i.e. O(\,) <y for all n. On the other hand ||¢, || g1 ) stays bounded.
This implies that, modulus a subsequence, ¢, — ¢ weakly in H'().
Since )\, — —oo and ¢, — ¢ in L*(99Q) we achieve that ¢ € HE:(Q).
Taking limits in the weak equation for ¢, implies that

/waww _ 9*/9@»
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holds for all ¢ € HE(QQ), with 6* = sup6,,. Taking into account that
¢ > 0and [, ¢* =1 we find that ¢ is a principal eigenfunction to (2.4
associated to #*. Then 6* = u; follows from the uniqueness of y; as a
principal eigenvalue to (2:4]) and the proof of the claim is finished.

On the other hand, that A; and M) (¢) (the principal Neumann eigen-
value of —A + ¢) share sign derives from the fact that A; > 0 (respec-
tively, A; < 0) if and only if #(0) = XV(q) is positive (negative). In
addition, A\; = 0 for all T' C 9Q if MY (¢) = 0.

Let us show now point v), i. e. the positivity up to the boundary
of a principal eigenfunction ®; which is positive in €2. To this purpose
we first assume that A\; > 0 and observe that @ = ®; defines a weak
supersolution to the problem

—Au+qu=20 reQ\B
0

(2.12) 29 x €00
v
u=-c x € 0B,

where B C B C Q) is any fixed open ball, ¢ = infyp ®; > 0. Existence
and uniqueness of a weak (and therefore classic) solution u € C%%(Q)
to (ZI2) is consequence of the existence and positiveness of the first
eigenvalue i = i1 to the problem

—Au + qu = jiu reQ\B
0

(2.13) oo x €00
ov
u=>0 x € 0B.

In fact, existence of iy can be achieved by the variational arguments
already discussed in the course on this proof. Moreover,

o g Js 7 0]
1=
fQ\B u?

?

the infimum being extended to those v € H'(Q \ B) which vanish
on B. From this characterization it follows that ji; > AV(g) while
M (q) > 0 due to the assumption A; > 0. Thus ji; > 0 and so

@1216 ZEGQ,

with w the solution to (ZI2)). On the other hand, classical maximum
principle implies that v > 0 in €. Therefore, the same happens to ®;.
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For the case A\; < 0 we observe in turn that « = ®; constitutes a
supersolution to the alternative problem

—Au+qu=20 reQ\B
(2.14) % = A\jmu x € 0f2

v

u=-c x € 0B,

with B and ¢ as above. Existence and uniqueness of a positive classic
solution u to (ZI4) is a consequence of the fact fi; > 0 where i = jiy
is the first eigenvalue to

—Au + qu = fiu reQ\B
0

(2.15) au_ Aimu x € 0f)
v
u=0 x € 0B.

In fact

o fQ\B{|Vu]2+qu2}—)\1 Jr mu?
fiy = inf
Jons v
O\B

where functions u € H'(Q2\ B) in the infimum vanish on 9B. We
assert f11 > 0, otherwise consider any associated positive eigenfunction
i € HY(Q2\ B) and extend it to 2 as @#; = 0 in B. Then, by using the
notation of the eigenvalue problem (ZI1]) we obtain

- Jo AV ? + qut}y — Ay [pmad _
= )

Jo %
On the other hand §(\;) = 0 and so 4 defines a principal eigenfunction
associated to 6(\;) with respect to problem (2.11]). Since @, vanishes in
the whole ball B this is impossible and i1 must be positive. Therefore,

being ®; > u where u is the solution to (ZI4]), we conclude again that
®; > 0in Q.

?

(M)

O

Let us briefly discuss now the monotonicity properties of the prin-
cipal eigenvalue A\(I') to (II)) as a function of I'. Accordingly, set
= () and 8 = O(\,T") the principal eigenvalues to the auxiliary
problems (24]) and (ZI1]), respectively, where the choice m = yr has
been performed in (ZI]). From the variational expression for 6 it fol-
lows that if ' C IV € 092, ' # I, then

O\, T) < O(\,T')

provided A < 0, meanwhile the reverse strict inequality holds if A\ >
0 (see a detailed analysis in [I1]). Similarly, p(I') < pq(I”) holds
under the same conditions for I',IV. Our next statement is a direct
consequence of these reflections.



TANGENTIAL VARIATION 11

Lemma 2.4. Let I' G IV be smooth nonempty strict subdomains of 0S2.
Assume

If the first Neumann eigenvalue XY (q) < 0, then

A (D) < A (T,
while the reverse inequality holds true if XY (¢) > 0.

Remark 2.5.

a) Since the signs of A\ (T") and M (q) (whenever A\, (I") is defined) coin-
cide, Lemma 24 says that A (I") increases with I" if A\;(I") < 0 while it
decreases with I' if A;(I') > 0. On the other hand, if A (I") vanishes for
some I this means that A (¢) = 0 and hence A\, (') = 0 for all T C 9.

b) It follows from (ZX]) that A(I") is defined for all I' C 09 provided
M (q) > 0. On the other hand, if

M (@) <0< AP().

it can be shown that u(I') < 0 if I' approaches 02 while p;(I") > 0
if " is conveniently small (details are omitted for the sake of brevity).
Therefore, A;(I") is defined in this case depending upon the “size” of I'.

Our next result deals with the continuity of the principal eigenvalue
A1 with respect to variations in the flux region I'. For the sake of
simplicity, only the case m(x) = xr(z) will be considered. To this
objective we are introducing a notion of perturbation which largely
suffices for our purposes here (see Section [B]). Let I';, be a sequence of
smooth subdomains of 9 and I'y C 02 a fixed subdomain. By

(2.16) limT, =T,

it is understood either one of the following two properties:

a) There exist sequences I, I of smooth subdomains such that
I c I'y N[y is increasing, IV O I',, U T is decreasing and
ImI7 =lmI7 =T.

b) There exist sequences I') | I'”| the former increasing, the latter a
decreasing sequence, of smooth subdomains such that imI", =
lim I = I'y and satisfying that for each n, the relations I'], C
Ly, I DT, hold for all m > n.

Notice that both conditions imply limI',, = I'y in the set theory
sense and that both definitions are coherent with monotone conver-
gence. Next lemma can be shown by employing similar ideas as the
ones involved in Lemma 271 Thus, its proof is omitted.

Lemma 2.6. Assume that I',,, I'g are smooth subdomains of 0S) satis-

fying (2I6). Then,
lim 11(T') = pa (To).
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Lemma 2.7. Suppose I',,, Iy are smooth subdomains of OS2 such that

according the previous definition, together with uy(I'g) > 0. Then
M (Ty) is defined for large n and

Proof. That A\;(T',,) is well-defined for large n follows from Lemma 2.0l
On the other hand, no generality is lost if it is assumed in the sequel
that A;(I') > 0 for all the involved subdomains I" C 0S).

Setting A/, = A;(I')), it is clear from the definition (2I6) and Lemma
2.4 that it is enough to show that

Fix X' =1lim X\, (N > A\ (I'g)) and pick the sequence of positive eigen-
functions @/, associated to A/, normalized so as [, @' * = 1. Equality

[rvp o=y, [ o
Q n

for all n implies that [, [V®],|*> = O(1). Otherwise, set ®/, = t,v,, with
t2 = [, |V®,[>. Then, passing to a subsequence, v, — v weakly in
H'(Q) with v =0 on 9 and

/ Vol 4 qv* < 0.
0

From Z3) AP(q) > 01(Tg) > 0 (AP(q) the first Dirichlet eigenvalue of
—A + ¢ in ), which says that v = 0. But now one has that v, — v
in H'(Q2) which should imply that [, [Vv|*> = 1 which is impossible.
Therefore, [, |V®/,|*is bounded, @/, is bounded in H'(£2) and, modulus
a subsequence, @/, — ®' with ® nonnegative together with [, @’ 2 =1.
By taking limits in the weak equations for ®/ we obtain that @’ is a
principal eigenfunction associated to A’. Thus, the uniqueness of A;(I'y)

implies that A = A\;(I'g), as we wanted to prove.
]

Remark 2.8. By reasoning with similar arguments (see the proof of
Theorem below) it can be shown that the sequence ®;, of nor-
malized positive eigenfunctions associated to A;(T',) also converges in
H'(Q) to the normalized positive eigenfunction ®; of (LI]) regarded
on I' = I'y. In other words, continuous dependence also extends to
positive normalized eigenfunctions.

Once the existence of the principal eigenvalue has been settled down,
we need for subsequent use, a corresponding result of Fredholm alterna-
tive type. Such a result is next stated and a direct proof in a “varia-
tional guise” is also provided.
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Theorem 2.9. Suppose m € L*(Q)) is a nonnegative function sup-

ported on T and let f € H'(Q)* (the dual space of H'(2)), g € L*(09)
be arbitrary. Assume that condition (23] holds. Then, the problem

—Au+qu=f x €
(2.17)

%:Almu—i—g x € 0,

ov

possesses a solution u € HY(Q) if and only if the following compatibility
condition holds

(2.18) (f,®q) + /89 9P =0,

where &1 € H'(Q) is any eigenfunction associated to Ay and (-, ) stands
for the duality pairing between H(QY) and its dual. Moreover, such a
solution w € H'(Q) is unique under the restriction

(2.19) m ud, = 0.
o9
Proof. For simplicity in the notation we directly consider m = xr, the
characteristic function of I' (the case m general is handled in the same
way).
First of all, by a weak solution to (217 it is understood a function
u € H'(Q) such that the following equality holds

(2.20) /S]Vuvl/)—l—qug/):/\l/ruﬂ)—i-ﬁ,iﬁ)—l—/{mg@/}, Vi € HY(Q)

Thus, if such a solution v € H'(Q) exists then the necessity of (ZIJ)
follows by choosing ¥ = ®; in the above relation.

To show the sufficiency of (ZI8]) we first state the existence of a
second eigenvalue Ay > A; to ([LI)). To this purpose, we introduce in
H'(Q) the scalar product

(2.21) [u,v] = / VuVov + quu + M/uv,
Q r

where M > 0 is chosen so that M + A; > 0. In fact,

[u,u] > (M + /\1)/u2,
r
for all w € H'(Q). Thus, thanks to condition (23)) [u,u] = 0 implies
u = 0. Moreover, by arguing as in the proof of inequality (224 below,
it can be shown that (Z2I]) defines an equivalent norm in H'((2).

To state the existence of Ay we now observe that eigenfunctions ¢
to (L)) associated to eigenvalues A # A; (and so A > \;) must satisfy
the orthogonality condition

/ dP, =0,
r
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which amounts to [®,®;] = 0. Therefore, we study the quadratic
functional J(u) = [, |Vu|* 4+ qu* on

Ml - M N {Ql}L,

where M is defined in 1), {®;}* = {u : [u,®] = 0} and where
orthogonality “ + ” will be understood in the sequel with respect to
[-,-]. Notice that

(B = {u c H'(Q): /u@l _ 0} |
r
By arguing as in the proof of Theorem 2] there exists a function

®y € {®;}* such that

(2.22) Nom i AIVUEFawt IV +a®
ue{®@1}+ fF u? fF (I)g

Thus, ®, satisfies

(2.23) /prgw + qPot) = Ag/rcpg@z), Vip € {1}

To show that ®, is an eigenfunction we need that the equality be true
for all v € H'(Q) (not merely for ¢ € {®,}+). However, an arbitrary
function u € H'(2) can be written as

u = t(bl + w,
with ¢ € {®;}+, t € R. Now, since fr d Py, = 0 we find

/ Vq)qu)l + qCI)g(I>1 = 0.
Q

Therefore, (2.23)) holds for any ¢ € H'(2). Hence, @, is a weak eigen-
function, Ay defines an eigenvalue and indeed constitutes the second
eigenvalue to (1)) (no other one lies between A\; and Ag).

We are next showing the existence of a weak solution u* to (ZIT)
provided that (ZI8) holds. To this purpose consider the quadratic
functional F : {®;}* — R defined as

F(u):%(/QVuQ—i-un—)\l/FuQ) —<f,u)—/mgu.

Observe that

/VU2+QU2—/\1/U2Z()\2—)\1)\/’&2,
Q T r

for all u € {®;}+. We claim the existence of C' > 0, no depending on
u € {®}+, such that

(2.24) /QVuQ +qu® — A /Fu2 > CHuH%ﬂ(Q)?

for every u € {®;}+. Assuming that the claim is true one obtains that
the functional F' is coercive on {®;}+ which is a weakly closed part
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of H'(2). This means that F' achieves an absolute minimum at some
u* € {®;}+ and it implies, in particular, that the equation

(2.25) /Q VUtV + qut — / W — (L) — /a gv =0

holds provided 1 € {®;}*. To conclude that u* is a weak solution we
need replacing in such equation ¢ € {®,}+ by ¢ € H*(Q). By writing
u € HYQ) as u = t®; + 1 with t € R, 1 € {®1}1, we see that ([Z23)

is equivalent to
Q r o0

Since u* € {®}+ such relation is equivalent to the compatibility condi-
tion (2.I8)). Therefore, u* defines a weak solution to (2I7). Moreover,
it is the unique solution to ([ZIT) in {®;}* since any other solution
@ € {®;}+ must exhibit the form @& = u* + t® for t € R and so

0:/(a—u*)@1:t/q>§.
I I

Hence t = 0 and @ = u*.

To complete the proof we show now the claim. If a positive constant
as C in (Z24) could not be found then a sequence u,, € {®;}+ would
exist such that

Jo IVun | + qu — Xy [u?

HunH?ql(Q)

Setting w, = t,v, with t, = ||u,|| g1 (@) we obtain

/|an|2+qvi—)\1/vfl:o(1) as n — oo,
Q r

and, passing to a subequence, v,, — v weakly in H'(€). Thanks to the
inequality

/]an\2+qvi—)\1/vi > ()\2—)\1)/1),21
Q r r

we the achieve v € H{(Q). Thus [, |Vu,|* + qul = o(1), as n — oo.
Taking ‘lim-inf” we deduce [, [Vv|*+qv® < 0. Being ji; > 0 this implies
that v = 0. But this entails that v, — 0 in L*(Q) what in turn says
that [, |Vv,|* = o(1) and finally that v, — 0 in H'(Q2). Due to the
fact that ||v,| g1y = 1 this is not possible, and the claim is proved. [

3. TANGENTIAL PERTURBATIONS OF [’

In this section we introduce the notion of tangential deformation of
the flux region I' C 02 which will be involved in the main perturbation
results contained in next section. In addition, a further discussion on
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the differentiable structure of the boundary and other auxiliary calculus
results on 02 will be also included here.

We are considering a class C? vector field V : 992 — RY which is
tangent to 0 at every point. Recall that Q C RY is assumed to be
a class C? bounded domain. Hence, the field V' can be extended as a
smooth field on the whole RY in such a way that V € L®°(RM RY).
For later use, it will be always assumed that such extension has been
performed whenever the computations require it. On the other hand,
a suitable extension of V' which is parallel to 92 near 02 can always
be constructed (see further details below).

Associated to the field V' we set h : R x 02 — 0f) the flow generated
by V. Namely, for zy € 092, x(t) = h(t,x¢) stands for the solution to
the initial value problem

dx
pr V(z)
z(0) = .

We are using the same terminology h = h(t,z), h: R x RY — R¥ to
designate the flow of the extension of V' to the whole R". It is well-
known (see [9]) that h € C*(R x R, RY). In addition, the following
properties hold true,
i) For every t € R the mapping h;(x) := h(t, ) defines a class C*?
diffeomorphism in RY. The same is true when h, is restricted
both to €2 and 012, i. e., when h; : Q — Q and h; : 9Q — 0.
Observe that both 992 and 2 remain flow-invariant.
ii) ho(z) = z for all x € RY. Moreover (hy)™*(z) = h_4(z) for all
r € RY,
iii) D;h(t,z) = V(h(t,x)) and D% h(t,z) = DV (h(t,x))Dh(t,z)
for all (t,7) € R x RN,
For every ¢t € R, we also introduce the composition map h} : C?(Q) —
C%*(Q) defined as

hy(u)(x) = u(h(t,z)), r €.

Of course, h} is an isomorphism from C?(Q) onto itself.

On the other hand, and as usual in perturbation of domains theory
([13]), smooth tangential fields V' are going to be used to define the
perturbation of problem (LI). This means that we are studying the
smoothness of function A\, (I'y), where

Iy ={h(x):x e},
and t is small.
As for the structure of 02 it will be assumed that 0f2 is endowed with
a finite atlas {(gz, Ui)}1§i§M7 U; C RN-! open, g; = gz(5> S 03(UZ’,RN),
so that the restriction of the atlas to I' U OI' constitutes an atlas for
T as a manifold with boundary. Such atlas is chosen so that on every



TANGENTIAL VARIATION 17

g:(U;) C 092, the continuous outward normal field v to 2 at 92 can be
expressed as
Os19i N+ NOsy_1 i
v(gi(s)) = - —
‘aslg’i JAERENA asN—lgi‘

As a matter of notation, for N — 1 linearly independent vectors vy,
-, vy_1 of RN, vy A -+ Awy_q will stands for the vector whose i-th
coordinate is the adjoint of the element w; in the matrix

columns (w,vy,...,vn_1),

with w = (wy,...,wy). On the other hand, the collection of smooth
functions {(;(z)}i1<i<p will stands for a partition of unity associated
to the atlas {(gm Ui)}lSiSM'

The concept of tangential divergence (see [I3]) is also involved in
next section. For a non necessarily tangent smooth vector field V' on
09, its tangential divergence in €2 is defined as the function a € C'(09)
such that

| v@Tonita) do == [ atayita) do

for all ¢ € C§(99Q), where Vygt) stands for the tangential component
of Vb, i. e. Vgaui(x) = Vii(x) — g—f(x)l/(x). We are denoting

a = div aQV.

The tangential divergence of V' can be expressed in local coordinates
(9,U) (subindex ¢ is dropped for simplicity). In fact, a careful compu-
tation reveals that

(3.1)

, 1
div gV = 7 10, V.., O0sn 1 Gy V| 4+ -+ 05,9, - -+, 05y, V, V|
- <‘/7 V) Ha
where | - | designates the determinant of the matrix whose columns are
the vector enclosed between the bars, (-, -) stands for the scalar product
in RY while
J(s) =105, N+ N Osy_, 9l

In addition,

(3.2) H(z)=div v(x)
1

T ()

and, as it is well-known, H coincides -modulus orientation— with (/N —

1)H where H is the mean curvature of 92 at x (see [2I]). An alter-
native expression for div gV can be found if one uses the so-called

|05,V ooy Osy g V| + -+ 05,0, -, Ospy_ Vs V||
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tubular coordinates around 0€2. Namely, x is represented in a suitable
neighborhood of 92 as

(3.3) r=z+tv(z),

with z € 9Q and ¢t = d(z) = dist(z, Q) being = — (t(x), z(x)) a C?
mapping near d€2. In that case, and by extending the normal v so as
to have

(3.4) v(z+tr(z)) = v(z)

for z € 00 and |¢| small, the tangential divergence can be written as
0
(3.5) div gV =div V — $<V, vy —(V,v)H.

Certainly, the curvature term can be omitted if V' is tangent to 0f2.
Moreover, formula (B.5) can be further simplified by extending the field
V' in a neighborhood of 0f) such that

(3.6) Vi(x)=V(z) r=z+tv(z), for z € 092, |t| small.

Observe that identity (B:6) can be employed to extend V' outside 0.
Under this extension ([B.3]) reduces to

(37) div aQV = div V,

when V' is tangent to 0€2. On the other hand, formula ([B.2]) can also
be obtained by using the change to tubular coordinates (3.3)).

4. SMOOTHNESS OF A\; AND A FORMULA FOR ITS FIRST VARIATION

Our main objective in what follows will be to study the differentiable
dependence of the principal eigenvalue A; to ([LT), when the region I is
perturbed by the flow h;(-) associated to a tangential field V' (Section
B). In other words, the differentiability in ¢ of the function

t— Al (Pt)a

I't = hy(T) for |¢| small. In Theorem FI] we prove the smoothness
of such function by changing variables in problem (LII), observed in
I';, in order to fix the flux region, and then using the Implicit Func-
tion Theorem in a fixed (Lagrangian) frame. An explicit formula for
the derivative is furnished in Theorem .2l Later in Theorem [E.1] an
optimized version will be obtained.

Recall that for a fixed region I' C 99, u; = py(I") stands for the
principal eigenvalue to the auxiliary problem (24)).

Theorem 4.1. Let T = TUOL C 99, T # 0N, be a smooth and
connected N — 1-dimensional manifold with boundary OI', while V
00 — RY is a smooth tangent vector field to OQ) with associated flow
h:R x 0Q — 0. Setting

Iy={y=nh(t,z):x T},
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consider the eigenvalue problem

—Av+q(y)v=0 y e
(4.1) v
5, = Mxn(y)v y € 09,

and assume that py(I') > 0. Then, there ezists eg > 0 such that the
following properties hold.

i) Problem (&I) admits a principal eigenvalue A\i(t) for t € (—eo,ep).
In addition, \(t) is a continuous function of t.

ii) If (Mi(t), ®1(t)) denotes the principal eigenvalue to @) and corre-
sponding positive eigenfunction normalized so that th ®,(t)? =1, then
the mapping

= (M (@10)), B (@1(1) = ®i(t) 0 B

is smooth when regarded from (—&g, o) and taking values in R x H*((2).

Proof. As a first observation, notice that Iy — I" as ¢ — 0 in the
sense of (2.I6) since I'y = hy(") (with h, = h(t,-)) and h; is smooth
in t. By using the continuous dependence of py on I' (Lemma 2.0,
condition p1(I') > 0 implies the positivity of uy(I;) for || < &¢ and
certain g9 > 0 small. Hence, Theorem 1] ensures us the existence of
A1(T;) and its continuity as a function of ¢t € (—&g, &) (Lemma 27)).
For immediate use we fix the notation A;(¢) to denote the eigenvalue
A (Ty) and ®4(t) € H'(Q2) to name the normalized associated positive
eigenfunction.

To show ii) we first set X = H'(Q) and Y = (H'(Q))* (the dual
space of X) and observe that if v = v(y,t) € X is an eigenfunction
associated to an arbitrary eigenvalue A of (1)) then

/Q{Vvvw +q(y)vet dy = A/ v do(y),

Iy

for all ¢ € X. By performing the change y = hy(x) = h(t, x), putting

u(z, 1) = v(h(t,2),t) = hi(v)(x), (z) = p(h(ta)) = hi(g)(z) and
hy(q)(z) = q(h(t,z)), we arrive at

(42) | LAl O(Tu.V6)+ B @) @Ju}Cla.t) do-
)\/Fuwl)(x,t) do(x) =0,

for all ¥ € X, where
C(z,t) = det(Dh(t, x)),
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with Dh(t,z) = (ghz) , and where
Lj /) 1<ij<nN

Dh(t,x)gs, A--- A Dh(t,z)gsy
‘981 ARRRNA gsN—l’

Y

at © = g(s), s € U, being {(;}1<i<m the partition of the unity subor-
dinated to the finite atlas {(g;, U;)} which describes the differentiable
structure of 9 (Section B]). When writing the expression for D(z, )
and for the sake of brevity, we have dropped the subindex 7 in the
chart (g;, U;). In addition, for £, n € RY the bilinear form A(x,t)(&,n)
in ([A2) is defined through

Al t)(§,n) = EDh(t, )" (Dh(t, z)~")"n",

where for a vector n = (1;,...,ny) and a N x N matrix A, n7 and AT
mean the corresponding transposed objects.
In view of (£2]) we introduce now the mapping

F: X xRx(—gp,60) — Y xR
(U,/\,t) = (Fl(u)/\vt)7f2(uv )‘7t))

given by
<f1(u, )\, t), w>X,Y =
| [Ata)vu. 0 + R et do

—)\/Fug/)D(t,x) do

for ¢ € X and

(4.3) Falu, M t) = % ( /F W2D(t, 7) do — 1) |

Then, the eigenvalues A of ([€J]) with associated eigenfunctions v € X,
normalized so that [,,v* = 1, are characterized as the zeros (u, \,t) €
X X R x R to equation

(4.4) Flu, A\, t) =0,

where u = hy(v). In other words, ([A.4]) constitutes the weak Lagrangian
version of the perturbed problem (@.1]).

Of course, our main purpose is solving with uniqueness equation (4.7
for (u, A, t) close (®1(0),A1(0),0) in X x R x R (recall that ®;(0) €
H'(€) is the positive eigenfunction associated to A\;(0) normalized so
that [, ®;(0)* = 1).

It is clear that F is a C'' mapping while

F(®1(0),A(0),0) = 0.
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On the other hand if £ € L(X xR, Y x R) is defined by

L, A) = D) Fiur t)=(1(0). 70 0)0) (@A),

i. e., L is the Frechet derivative of F with respect to (u, A), evaluated
at (®1(0),A1(0),0) and acting on (@, A), then,

L(6,\) =

(/:mv +gi- = [ #1020 [, [ a0 )

where the dot “-” in the first component means the dual action of such
component as an element of the dual space Y.

The operator £ defines a topological isomorphism from X x R onto
Y x R. In fact, for (f,0) € Y x R given, the unique solution (@, A) to
equation

L(a,A) = (f,0),
is provided by the unique weak solution @ € X to the boundary value
problem

—Atu+qu=f x €

4.5
(4.5) gz = M (0)xr (@) + Ar®, (0),

which satisfies the extra condition

(4.6) t/@mm:a
r

Now, problem (@3] admits a solution if and only if (Theorem 29
_<f7 ®1(0)>X,Y7

since [, ®,(0)* = 1. This provides a unique value for . For this value
there exists a unique solution u* € X to (L.5) such that

A@MMﬁ:O

All other remaining solutions v € X to (L3) have the form u = u* +
t®4(0). Thus, the choice t = # furnishes the unique solution to (LI)-
D).

Therefore, the Implicit Function Theorem, in its standard infinite-
dimensional version (see [9]) permits us concluding the existence of
e > 0 (which, after possibly diminishing its value, we name again &)
and C' functions \;(t), uy(t), the latter observed as taking values in
X, such functions being defined in (—eg, gg) and such that

Fu(t), (1), 1) =0,
for |t| < eo, together with (A;(0),u1(0)) = (A(0), ®4(0)).



22 R. PARDO, A. L. PEREIRA AND J. SABINA

On the other hand (u, A\, t) = (hf(P1(t)), \1(t),t) solves (L4 for
|t| < e9. Moreover, thanks to Lemma 2.7 and Remark

(h:(q)l (t))v Al(t)7 t) - (®1(0)7 M (0)7 0)7

ast — 0 in X x R x R. Therefore, the uniqueness assertion of the
Implicit Function Theorem permit us concluding that

(A (t), by (@1(1))) = (Ma(t), ua (),

for [¢t| small. Thus, the proof of point ii) is completed. O

Our next task consists in obtaining an explicit formula for the first
variation of A\; with respect to I'. The natural way to do that is tak-
ing derivatives in equation ([£.2]). To this purpose we face the task of
computing the surface integral

(4.7) I = /{m 3@3611/(0) (@1(0) divV + 2321‘£0)) do,

(0/0V stands for the derivative in the direction of V). However,
V®,(0) must exhibit some kind of discontinuity on OI' (Theorem 2.1])

0P, (0)
V

cordingly, we need to avoid the possible discontinuities of such function
on OI'. To this objective we are introducing some more notation. For
0 > 0 small we set

[y ={z €T :distoq(z,dT) > 6}, TI'f ={x €0 : distgq(z,I') > d}

where for A C 092 and x € 09, distopo(zr, A) = inf,eca distoa(r,y),
distgq being the geodesic distance in 9€2. Similarly,

Us = {z € 0Q : distyg(z,0T") < §}.

near OI' becomes unclear. Ac-

and hence the integrability of

Notice that 9Q = 7 UT; U TUj.
On the other hand, and for £ > 0 small we put
Q. ={z € Q:dist(x,00) > e}.

Observe that H. : 02 — 09, defined as H.(z) = z — ev(z) constitutes
a C? diffeomorphism from 99 onto .. By means of H,, I' gt and Us
are transported to 0. and we are setting

Fgﬁe = H_(I'5) Us. = H.(Us).

In addition, 092, = ﬁfe U ﬁ U W,E.
Consider now the “displaced” surface integral

(4.8) Is. = /U . 92:(0) (@1(0) divV + 28%(0)) do.

ov oV
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Since V®,(0) is discontinuous through OI', we cannot take the existence
of the limit

lim [575

e—0
for granted. Therefore, it is still less obvious that the iterated limit
(4.9) Iy = lim (lim Is.)

6—0t e—0*

exists. Such an existence is provided in our next result. Its value is
involved in the expression for the derivative of A\; with respect to ¢ at
t = 0 which is also furnished in the following statement.

Theorem 4.2. Under the hypotheses of Theorem [[1], let \y = A\ (t)
be the principal eigenvalue to (&) for t small. Then

i) The iterated limit Iy in ([A3) exists.
i) The first variation of Ay with respect to t at t =0 is given by

d\
—d ! = I() — Al(O) / @1(0)2“/, Vap) dO’aF,
t lt=0 ar

where vgr stands for the outer unit normal field to OI" relative to
T, dogr is the volume element of OT and ®,(0) € H'(Q) stands
for the normalized positive eigenfunction associated to A (0).

(4.10)

Remark 4.3. If the pointwise limit as e — 0% could be permuted with
the integral I;., i. e. if

(4.11) lim I5. = A\ (0) /U Xr l®1(0)2 div V + %(@1(0)2)} :

e—0t
then
(4.12) lim Iy = A\ (0) / div (@1(0)2v)
e—0t UsNI’

— i (0) /U - divm(@l(o)QV)

— 2 (0) l /8 (0 (Viver) - /{ R B (0)2(V, yar>] |

Since ®1(0) € C*(2) (Theorem 27T]) it is clear that the last expression in
([EI2) goes to zero as § — 0F. Thus, the expected value for [, in ([ZI0)
is just zero. However, the discontinuity of V®;(0) through I" makes
unclear that the e limit can be permuted with the integral in (ZII]).
Nevertheless, by following a different approach we are showing in next
section (Theorem [B.I)) that Iy = 0 provided ¢ and Q are sufficiently
smooth.

Proof of Theorem[{.2 For convenience, we are using the notation of
the proof of Theorem [L] and so we designate by

u(t,-) = hy (@1(t)) = P1(t) o hy.
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Differentiating with respect to ¢ in (£2) and setting ¢t = 0 yields
(4.13) /Q{V%V?ﬁ‘i‘qﬂol/)} —Al(O)L@0¢
. aq ]
A0, 2)(VD,(0), Vip) + —L b, (0
+ [ JA0.vei0. 70+ S0
+ [ 1701070+ g, 0))¢(0.0)
— M (0) [ ®,(0)) — A (0) | ®,(0)0D(0,2) =0
10) [ #1000 =2(0) [ #:100D(0.2) =0
for all ¢ € H'(2), where

o = Opu(0,z), A (0) . A(0,2) = 8,A(0,2),

C(0,z) = 9,C(0, x) and  D(0,z) = 8,D(0, x).

From the expressions for A,C, D (Theorem AT it can be checked
that

A(0,2)(¢,n) = =¢(DV + DV )" g neRN,

while
C(0,) = divV.
On the other hand, a direct computation shows that
. 1
D0,2) = S5 [10aVio Do gl \aslg,...,asN_lv,y\],

where such expression has been evaluated at the image g;(U;) of a chart
(g:, U;) of 0 (i has been dropped for simplicity). Taking into account
BJ) together with the fact that V' is a tangent field on 92 we can
write

D(O, $) = diVaQV(.T), x € 0.

Furthermore, by employing the parallel extension ([B.8) of V' near 0S
we conclude that (see (3.7))

D(0,z) = divV(x).

By substituting the values of A, C, D in [@I3) and taking into account
the identity,

/Q [V, (0)(div V)V + g4 (0)(div 1)} = As(0) / (div V), (0)¢

— / YV O, (0)V(div V),
Q
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which follows from the weak equation for ®(0), we deduce that

[viwe + vy =20 [ o

/ {V®,(0)(DV + DVT)VyT — g—gé (0)y}
/ YV, (0)V(div V) + A (0) / d1(0)

holds for all ¢» € H'(€2). But this means that w = 7 defines a weak
solution to

—Aw+quw=f x €
(4.14) w
5 = A (0)xrw + g x € 0L,
with f € (H*(2))* defined as
0
() = [ Vo) (DV+ DVT)TUT - SLan(o)

/ YV (0)V(div V)

and g = A1(0)xr®:(0).
Therefore, compatibility condition (ZI8) yields
(4.15) A\ (0) + / V®,(0)(DV + DVT)V,(0)" +
0

0
/@1(O)V<I>1(O)V(divV) —/ X 5,0 =0,
Q v
which gives an explicit expression for A;(0).
Differentiating equation Fa(u(-,t),A\1(t),0) = 0 (Theorem ] at

t = 0, we obtain

/Fuocbl(o) = —%/F%(O)D(O,x).

This is just the normalization condition that permit us solving problem
([@I4) for vy with uniqueness (see Theorem 2.9]).

We proceed next to clear out the expression for A\;(0) in (£I5). By
setting

A = / V&, (0)(DV + DVT)Ve,(0)"
BE:/ ®1(0)VP, (0)V(div V),

it is clear that

lim A, = / vV, (0)(DV + DVT)Ve,(0)"
Q

e—0t
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while
1ir31+35: / (VO (0)V(div V))®4(0),
E— [9)
and so,
(4.16) —M(0) = lim [A. + B.] —/ @1(0)2@.
e—0t 90 ov

On the other hand, integration by parts gives

_ - 0%, (0)
A= /QE{]VQ)l(O)\ divV — 270 A0, (0)) +

[ O [ waoprs),

where the last integral vanishes for ¢ small due to (V,v) = 0 near 0f2
(see (36)). In addition

B.=— [ {®,(0)A®(0) + |[V®,(0)]*}divV+

Qe
/ @1(0)3@1(0) div V.
90, 0

14

Thus, by choosing ¢ > 0 small we obtain

&+&::—/qmw@mw>

€

+/mg ((I) (O)dwv+zaav( )) aq’aly( )

)
_ / @1(0)2% + I

{/ﬁ / } ( leV+28qglv(0)) (9%1”(0)'

On the other hand,

lim {ﬁ+bﬁ}( mv+fmp)%$)

= X\ (0) / ~div (€,(0)*V)

= M (0) /F ~div g (®1(0)°V)

é

_ / B4 (0 (Vv ),
ar;
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where Vors stands for the outward unit normal to I'y at JI'y and the

divergence theorem for manifolds with boundary has been employed
([T). Therefore

9q
. . 2 e 2 .
g [+ ] = [ 0Pk [ 00+ i 1
where the existence of the last limit is directly furnished by the equality.
By substituting in (£16) we get

“34(0) = Tim Iy + / B0 Vi)
5

e—0t

Finally, by observing that & € C*(Q2) and taking limits in the last
expression as 0 — 0% we obtain both the existence of the iterated
limit (£9) together with formula (ZI0) for A;(0). This concludes the
proof. O

5. THE FIRST VARIATION OF \; ON SMOOTH DOMAINS

The objective of this section is showing that formula (£10) for the
derivative of the principal eigenvalue A = A;(¢) to problem (Z.1]),

—Av+q(y)v=0 y €0
ov

- 0
5 Axr,(y)v y € 09,

can be improved by removing the term I;. As in Section M, T is
designating the perturbation at time ¢ of a smooth subdomain I' C 012,
through the flow h = h(t, x) of a class C* tangential field V on 992 (see
Section [3)).

Such a formula is obtained in next result under extra smoothness on
both ¢ and €. We proceed in this way by the sake of simplicity since
such requirement may be considerably weakened. We are assuming in
addition that —A + ¢ is invertible under Neumann conditions. This is
a mere technical assumption and may be removed (see Remark [5.14)).

Theorem 5.1. Under the hypotheses of Theorem[{.1] on I assume in
addition that Q is C>=, ¢ € C>=(Q) and that none of the Neumann
eigenvalues of —A + q in Q vanishes. Then, the derivative of the prin-
cipal eigenvalue A\ (t) to (1)) is given by the expression

dX\

(5.1) prai —1(0) /ar ®1(0)*(V, var) dogr,

where vgr stands for the outer unit normal field to OI' relative to T,
dogr s the volume element of OI' and ®1(0) stands for the normalized
positive eigenfunction associated to \(0).

Remark 5.2.
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a) Notice that M(q) > 0 both implies [3) and the invertibility of
—A + ¢ under Neumann conditions.

b) Extra smoothness on ¢ and € is only needed in the proof of Theorem
below.

To show Theorem [5.Ilwe proceed by successive steps. Our first result
gives a derivative’s formula for a “regularized” version of (4.1I).

Lemma 5.3. Suppose I' C 02 and V' = V (z) satisfy the hypotheses of
Theorem[[1] and choose m € C*(9S2) a nonnegative function supported
i I'. Then, problem

—Av+q(y)v=0 y e
(5.2) v

— = Q

5 Am(y, t)v y € 092,

with
m(y,t) = hZ,(m)(y) = m(h(=t,y))
possesses the following properties.
i) There ezits €y such that (B.2) has a principal eigenvalue A =
A1 (t) for |t] < eg being M\ (t) a C' function in (—&g, o).
ii) The derivative X} of Ay att =0 can be expressed as

(5.3) N (0) = =2 (0) [ m div(®,(0)*V) do,
o0
where (A1(0), ®1(0)) is the principal eigenpair corresponding to
t =0 and ®,(0) is positive and normalized according to

m@l(O)Q do = 1.
o0

Remark 5.4. Observe that

xr,(y) = h,(xe)(y)  y €0,

for all ¢ € R. This shows the coincidence between (1) and (52) when
m = Xr-

Proof of Lemma (23 The proof of existence and smoothness of A\ (t) is
that the one of Theorem [Z] but in a better scenario: yr is replaced
with a smooth function m € C?(99Q). That is why, and thanks to
Theorem ZTLii), the principal eigenfunction ®,(0) € C?(Q).

Now, by keeping the notation of Theorem and employing the
regularity of ®;(0) up to the boundary 92 we achieve that A. — A,
B. — B with

- - 9%, (0)
A= /Q{|v¢>1(0)| divV — 22— A0, (0)} +

9,(0) 9%, (0) :
2/m ) o —/m|v<1>1<o>| Vo),
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and
B = —/{<I>1(0)Ac1>1(0) + |V @, (0)|* }div V+
Q

99,(0) ..
d,(0 div V.
/39 1( ) 31/

Thus,
dq
“NO0)=A+B— | =—=&,(00*=1
1() + Qav 1() Y

where I is the integral in ([A.7)). Being ®;(0) smooth up to d€2 we obtain
I=X(0) [ m div(®,(0)*V) do,

and the proof is concluded. 0

Our next result states that function mg(z) = xr(z) can be suitably
approximated by smooth functions defined on 9€2. Its proof involves the
use of a partition of unity and standard regularization and is omitted.

Lemma 5.5. Set mg = xr. Then there exists a family of nonnegative
functions m. € C*(0R2), 0 < € < &1 such that
i) me. — mg in L(0N2) for all 1 < g < oo.
i) ||mellocon < K for certain K > 0.
iii) I, := supp m. C {x € 90 : distypo(z,T') < §} where 6 = (e)
and d(e) — 0 as e — 0.

Assume now that I' satisfies the hypotheses of Theorem 1] in par-
ticular condition (23],

It follows from Section 2 (Lemma 2.6]) that

p(Ie) >0
for € small, say 0 < € < ¢g, where I'. designates the support of the
approximation m, to mg = xr constructed in Lemma B35 There-

fore, Theorem P.Tl provides the existence of a unique principal eigenpair

(A, U) = ()\1787 @178) to

—Au+g(z)u=0 x €
(5.4) ou
5 Am(z)u x € 09,

with ®; . the positive eigenfunction normalized so as [,, m.®7, = 1.
We are now in position to get a limit expression for the derivative of
the principal eigenvalue A;(t) to (@.JJ).
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Theorem 5.6. Under the conditions of Theorem [{1] let A = A\ (t) the

A
principal eigenvalue to [@I). Then N;(0) = d—tl\ satisfies
=0
(5.5) M (0) = =i (0) lim m. div(®7 V) do,

o0
where (A ¢, ®1c) stands for the principal normalized eigenpair to (B.4).

Remark 5.7. It is shown in the course of the proof of Theorem
below, that A\;. — A1(0) and @, . — ®;(0) in H(Q) as ¢ — 0.

Proof of Theorem relies upon the following generalization of The-

orem (1]

Lemma 5.8. Assume that I' C 9 and V (x) fulfill the requirements of
Theorem[{-1 and fit ¢ > N — 1. Fort € R, m € L1(092) consider the
problem

—Av+q(y)v=0 y e
(5.6) O
5, = Ay, ) y € 09,

where m(y,t) = h*,(m)(y) = m(h(—t,y)) and set mg = xr(z). Then
there exist positive numbers o, d,m and class C' mappings
A: B(mg,0) x (—eg,60) — R
(m,t) —  A(m,t),
w: B(mg,0d) x (—e9,80) — HYQ)
(m,t) —  u(m,t),
with B(mg, ) = {m € LI(0Q) : ||m — mo|| ra@an) < 0}, such that,
i) (\,v) = (A(m,t),h*,(u(m,t))) constitutes an eigenpair to (0.0
for all m € B(myg,0d), |t| < eq satisfying

(5.7) m(-,t)v® = 1.

Moreover,

(A(m, 2), hZ,(u(m, £))) = (A1(0), 1(0)),
at m =my, t =0, where (A\1(0), ®1(0)) stands for the principal
normalized eigenpair to (L.
i) If (\,v) is an eigenpair to (B.0]) with
A=XM0)<n o= 21(0)][m1 ) <n,
and v satisfies (B7) then, necessarily
(A, v) = (A(m, t),v(m,t)),

for a certain (m,t) € B(mg,d) X (—eg,e0) where v(m,t) =
hZ,(u(m,t)).
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iii) If N\ (t) stands for the derivative of the main eigenvalue A =
A1 (t) to (&) then
oA

5.8 A (0) = lim —(m, t).

( ) 1( ) (m,t)—(mo,0) 815( )

Proof. Following the program of the proof of Theorem L] (the notation
used there is kept) we set Z = LI(0Q2) with ¢ > N — 1, and consider
the mapping

F: XXZxRx(—gp,e0) — Y xR
(u,m, \,t) —— (Fi(u,m, A\ t), Folu,m, A\, t))

where
(Filu,m, M\ 1), V) xy =
| [Ata)vu.0) + i@ et do

— X[ muyD(t,z) do
o)

for ¢ € X and

1
(5.9) Folu,m, A\, t) = = mu*D(t,z) do —1 ).

2 \Jaa
Then, the eigenvalues A of (L) with associated eigenfunctions v €
X, normalized so that fag mwv? = 1, are characterized as the zeros
(u,m, \,t) € X x Z x R x R of the equation

(5.10) F(u,m,\,t) =0,

where u = h(v).

We now observe that the inclusion H'(Q2) — LP(92) is continuous
forall p > 1if N =2, and for 1 < p < pjg, phog = 2(N —1)/(N — 2),
if N > 3 ([1]). Thus, mapping F = F(u,m, A, t) is linear continuous
with respect to m € Z provided ¢ > N — 1.

As shown in Theorem 1], Implicit Function Theorem can be em-
ployed to solve with uniqueness equation (B.I0) near (u,m,\ t) =
(®1(0), mo, A1(0),0). This yields assertions i), ii), while relation (5.8))
is nothing else but the continuity of %(m, t) at (m,t) = (mp,0). O
Proof of Theorem[2.8. We consider the regularizing sequence m, in-
troduced in Lemma If (\,u) = (A1, 1) stands for the principal
normalized eigenpair to (5.4), we claim that A\;. — A;(0) and that
;. — ®4(0) in H*(2). Thus, in view of ii) of Lemma 5.8 we conclude
that

)\(may 0) - /\1,57
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for € small. Since (Lemma [5.3])

%(ms, 0) = — A1 e div(®7_V) do,
then (B.3) follows from (B8] by setting m = m., ¢ = 0 and making
e — 0.

For the sake of completeness we next give a direct proof of the claim.
Assuming that both A;. and ||®; .|| z1(q) are bounded we achieve the
assertion. In fact, taking ¢, — 0, setting u, = ®1.,, \v = Aic,,
m, = m., and passing through a subsequence we see that w,, — ug
weakly in H'(Q), u, — ug strongly in L*(Q2) and strongly in L?(99)
with 2 < p < phq, the latter fact coming from the compactness of
the embedding H'(Q) — LP(09Q) for all p < pj, ([14]). In particular,
for each o € HY(Q) it follows that u,p — ugp in LP/2(9) and thus
Myt — mouge in L (0Q) since m,, — mg in L2(9Q) with ¢ > (p/2)
(notice that (pj,/2)' = N —1).

Thus passing to limits in

/ VuanO + qunp = )‘n mptnp,
Q o0

we arrive to

/ VugVe + quop = N MoUYP.
Q 09

with X" a limit point of \,. Since ug >0, [, moug = 1 then (X, ug) =
(A1(0), ®1(0)). This shows that A; . — A;(0) and that the whole ®; . —
®,(0) weakly in H'(Q2). The convergence in H*(Q) follows from the
fact that ®; . — ®;(0) in L*(Q) together with

/|V<I>1(O)|2:/\1(O)—/q®1(0)2:1im/ VD2,
Q Q =0 Jq

We now show the boundedness of A; .. First we have
)\175 mg(b% S / \V®1]2 + q@% = )\1(0),
09 Q

and so limA;. < A(0). Second, A1 is bounded below, otherwise
An = A1e, — —oo with €, — 0. Using the previous notation and
putting u, = |\,|"/?v, we get

/ Vo, |> + qu? = —1.
0

If ||v,| 1) is bounded, v, — vy weakly in H'(Q) with vy = 0 on T’
and

/ |Vvol? + qui < —1.
Q
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This contradicts (Z3) and so [, v2 — co. In this case, setting v, =
|vn | £2(@)wn We find
1
/ Vw,|* + qu), = ————.
Q [[on L2()

By extracting a subsequence w,s weakly converging to wy in H'(€) we
get wy # 0 with

/Q|Vwo|2 + qui < 0.

This contradicts again (2.3]). Therefore, A; . keeps bounded.
Finally, a similar argument proves the boundedness of ®; . in H'(Q2).
O

Next statement provide the last step to show Theorem [B.Il This is
just the unique part of the proof where the extra smoothness of ¢ and
Q) is involved.

Theorem 5.9. Suppose the assumptions of Theorem [521 hold and let
®, . be the principal positive eigenfunction to (B.4]) normalized accord-
ing to [y, m-P}. = 1. Then,

®,., ©,(0) € H'(09),
and moreover
(5.11) O — ®,(0)  in HY Q).

In order to proceed further we first need to introduce some definitions
taken from [I5]. Schwartz’s notation 0% for derivatives of order |a| =
ay+ -+ ay, a € {ZT, ZT = NU {0}, is followed below.

Definition 5.10 ([I5], p. 183). For s =0,1,..., let
=0(Q) = {ue L*(Q): d0"ue L*(Q) for o] < s},

with norm

lullzs@) = > 140 ul| 20y,
B B lo|<s
where d = d(x) € C®(Q) is a positive extension from a neighborhood

of 9Q to the whole of Q of the distance function d(x,0%).

The spaces Z°(§2) with real s > 0 are defined by interpolation and
then, to s < 0 by duality.

Next definition involves uniformly elliptic operators. A differential
operator A(z,0) = 3, <o, @a(x)0” of order 2m and coefficients a, €

C*>(Q) is uniformly elliptic in  if a certain positive constant ¢ > 0

exists such that
D aa(@)€" =g

|a|=2m

for all ¢ € RN, x € Q.
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Next definition is stated in [I5] in the context of the broader class of
properly elliptic operators.

Definition 5.11 ([I5], p. 199). Let A(z,d) be uniformly elliptic in 2
with order 2m. For 0 < s < 2m we define

D5(Q) = {u € H Q) : Au e =2m(Q)},

with norm

lul Zo-2m(0);

2D;,(Q) = HUHIQLIS(Q) + [|Aul
where H*(Q) stands for the fractionary Sobolev space W*%(1Q).

The following results are particular cases of Theorems 7.3 and 7.4 of
Chapter 2 in [15].

Theorem 5.12. Suppose the domain 2 and the potential q are of class
C* and 0 < s < 2. Then, the trace operator extends to a continuous
operator from D%(Q2) to H*~Y/2(052).

Theorem 5.13. Suppose the domain 2 and the potential q are of class
C® and that none of the Neumann eigenvalues of —A+ q in Q) is zero.

Then, the operator u — ((—A + q)u, (9_u) s a topological 1somorphism
v
from D3(Q) into Z°72(Q) x H*73/2(0Q), for any 0 < s < 2.

Remark 5.14.

a) Conclusion of Theorem still holds true if some eigenvalue of
—A+¢q vanishes. In this case such operator still defines an isomorphism
if one suitably reduces both its domain and range (see [I5]). This fact
can be employed to remove the hypothesis on the Neumann invertibility
of —A + ¢ from the statement of Theorem [B.1

b) For s > 1, ((—A + q)u,%) = (f,g) should be understood in the
v

sense that u € H*(2) defines a weak solution to the corresponding non

homogeneous Neumann problem: —Au + qu = f in Q, Ju/Ov = g on
o0.

Proof of Theorem[52.9. Choose s = % in Theorems and and
set ue = 1., up = P1(0) (recall that my = xr(z)). Since A\; .m.u.,
A1 (0)moug € L2(09), there exist ., @ in D%/*(Q) such that

. _ou

E) = (0, Ay emeu,), (Ao, a_yo) = (0, A\gmouo).

On the other hand a., @y are weak solutions in H'(Q2) to the cor-
responding nonhomogeneous Neumann problems. Thus u. = u. and
?20 = Ug-

In addition, u. — ug in H'(Q) (Theorem [5.6) and so u. — wug in
L*(09) (indeed, in a more regular subspace). Thus, certain nonneg-
ative h € L*(09) exists so that |u.] < h a. e. on 92 ([§]). In view
of Lemma 0.5 [A;.meu:| < Ch a. e. on 0f) for a certain constant

(A,
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C > 0. Dominated convergence then yields that the whole family
Aemeu. converges to A (0)moug in L?(99). Therefore, Theorem
implies

Uz — Ug in Diﬂ(Q),

and so, convergence assertion (5II) in Theorem directly follows
from Theorem [5.12
O

We can already show the main result of this section.

Proof of Theorem[5.1. Relation (B.5]) in Theorem B0 says

A1(0) = =X1(0) hH(l) m. div(®]_V) do.
=0 /a0 ’
Since ®;. — ®1(0) in H'(9Q) a nonnegative function h; € L'(99Q)
exists such that |® .| < hy and |® 0,1 .| < hja. e. ondQforl <i <
N. Thus, boundedness of m. in L*(02) (Lemma [.5]) and dominated
convergence permit us to introduce the limit into the integral to achieve

A (0) = =Mi(0) [ mp div(®3 V) do = —Xi(0) / div(®,(0)*V) do.
o9 r

The last integrand lies in L'(99). Therefore, thanks to the differentia-

bility of ®; on 90 \ OI' (Theorem 2ZT]iv)) we have

/div(®1(0)2V) do = lim div(®,(0)*V) do
T 6—0+ ry

= lim D1 (0)*(V, vyp-) dop- :/ ®1(0)*(V, vor) dor,
0=0+ Jor; s s ar
with I'y = {z € I' : distoq(z, OI') > 0}, and where to pass to the limit
with § the fact that ®,(0) € C?(Q) has been employed.
This finishes the proof. U
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